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Cons t i t u t i ve  Model i ng and Thermovi scopl a s t  i c i  ty  

Development and s o l u t i o n  of coupled thermomechanical equations a t  e levated 
temperature and/or h igh  s t r a i n  ra tes  are discussed. Three main considerat ions 
are  presented: development o f  the coupled thermomechanical equations by means 
o f  the  r a t i o n a l  theory o f  thermodynamics, development o f  a thermoviscoplast ic  
c o n s t i t u t i v e  equat ion which i s  congruous w i t h  the developed coupled equations, 
and the  a p p l i c a b i l i t y  o f  the developed equations t o  the t reatment by the 
f i n i t e  element method. 
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I n t r o d u c t i o n  

It i s  w e l l  e s t a b l i s h e d  t h a t  f i n i t e  deformat ions o f  a s o l i d  body p a r t i c u l a r l y  
a t  e l e v a t e d  temperature and/or h i g h  s t r a i n  r a t e s  represent  coupled 
thermomechanical processes, which r e q u i r e  t h e  simultaneous s o l u t i o n  o f  t h e  
coupled balance of momenta and energy equations. A proper  development and 
s o l u t i o n  o f  such thermomechanical problems requ i res :  1) adopt ion of t h e  
r a t i o n a l  theory  o f  thermodynamics, 2) a comprehensive v i s c o p l a s t i c  
c o n s t i t u t i v e  equat ion which accounts f o r  t h e  s t r a i n  r a t e ,  temperature and 
hardening e f f e c t s ,  and 3 )  c o m p a t i b i l i t y  w i t h  t h e  a v a i l a b l e  numerical  t o o l s ,  
p a r t i c u l a r l y  t h e  f i n i t e  element method. These requirements taken t o g e t h e r  have 
n o t  been used e x t e n s i v e l y  by researchers i n  d e a l i n g  w i t h  t h e  coupled 
thermomechanical problems. However, because o f  t h e  need f o r  s t r i n g e n t  accuracy 
when s o l v i n g  p r a c t i c a l  thermomechanical problems such as i n  rocke ts  and i n  
n u c l e a r  r e a c t o r s ,  t h e  importance of these requirements i s  be ing  recognized. 
Inoue and Nagaki [l] and A l l e n  [2] developed coupled thermornechanical 
equat ions w i t h  l i m i t e d  a p p l i c a t i o n s  t o  one dimensional  problems. Ghoneim [3] 
presented a coupled equat ions,  w i t h o u t  hardening e f f e c t s ,  and a p p l i e d  them t o  
a two dimensional  axisymmetr ic problem o f  compression o f  a constrained-ends 
c y l i n d e r .  Lehmann [4] presented a comprehensive a n a l y s i s  o f  t h e  development o f  
t h e  coupled equat ions w i t h  a p p l i c a t i o n  t o  t h e  neck ing problem i n  a specimen 
sub jec ted  t o  t h e  t e n s i l e  t e s t .  However, a more r e a l i s t i c  c o n s t i t u t i v e  l a w  

which inc ludes  s t r a i n  r a t e  and temperature e f f e c t s  i s  needed. 

I n  t h i s  paper development and s o l u t i o n  of the  coupled thermornechanical 
problems i s  considered, based on t h e  t h r e e  requirements l i s t e d  e a r l i e r :  The 
coupled thermomechanical equat ions a r e  developed on t h e  b a s i s  o f  t h e  r a t i o n a l  
theory  o f  thermodynamics; a v i s c o p l a s t i c  c o n s t i t u t e  equat ion  which accounts 
f o r  t h e  temperature, s t r a i n  r a t e ,  and hardening e f f e c t  i s  proposed; and t h e  
c o m p u t a b i l i t y  o f  t h e  developed coupled thermornechanical equat ion w i t h  t h e  
f i n i t e  element method i s  discussed. 
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Development o f  t h e  Coupled Thermomechanical Equations 

We assume t h a t  t h e  s t a t e  o f  a m a t e r i a l  p o i n t  i s  oomplete ly  determined by the  

knowledge o f  t h e  e l a s t i c  s t r a i n  tenso r  Ee, - t h e  i n e l a s t i c  s t r a i n  t e n s o r  - E', 
t h e  abso lu te  temperature T, t h e  temperature g r a d i e n t  I T ,  and a s e t  o f  
i n t e r n a l  s t a t e  v a r i a b l e s  9 , i ,= 1 ,. . . , p.  Consequently, t h e  f o l l o w i n g  
c o n s t i t u t i v e  r e l a t i o n s  may be pos tu la ted :  

i 

where 5 - i s  t h e  second P i o l a - K i r c h h o f f  s t r e s s  tensor ,  V stands f o r  t h e  

Helmholtz f ree  energy, s means t h e  s p e c i f i c  ent ropy,  and q i s  t h e  heat  f l u x  
p e r  u n i t  area. 

Upon invok ing  t h e  axiom o f  a d m i s s i b i l i t y  ( i . e . ,  t h e  c o m p a t i b i l i t y  of t h e  
assumed c o n s t i t u t i v e  r e l a t i o n s  w i t h  t h e  fundamental equa t ions  o f  mechanics) 

and when adopt ing t h e  s e p a r a b i l t y  o f  t h e  t o t a l  Green-Lagrange s t r a i n  energy 

99 



where 2 - i s  the coe f f i c i en t  o f  the thermal expansion tensor, i t  fcrllows: 

. . . ( 3 )  

A t  t h i s  stage, we may pos tu la te  

PJI = PJIO + 3 : D 4  : E Ee + p cv T (1 - I n  T )  + g :  * . . ( 4 )  
e - 

where D4 
reference conf igura t ion ,  and c,stands f o r  the  spec i f i c  heat a t  constant 

deformation. The tensor 
and the Four ie r ' s  law, q = - kVT i n t o  equations ( 2 )  and ( 3 ) ,  we ob ta in  

i s  the  f o u r t h  order  e l a s t i c i t y  tensor, p i s  t he  dens i ty  a t  the  

i s  the  mater ia l  proper ty  tensor.  Subs t i t u t i ng  ( 4 )  

- - 

. . . ( 5 )  -kV2T + p c V t  = - p ( y  : D4: f e )  T + - S : - p & : h - L s  

and 

Equation ( 5 )  i s  the coupled heat equat ion which together  w i t h  the  balance o f  
1 inear  momentum equat ion cons t i t u tes  the s e t  of coupled thermomechanical 
equations. I t  might be worth p o i n t i n g  out  t h a t  the r ight-hand s ide  o f  the 
equation ( 5 )  represents the  mechanical energy generation; t he  f i r s t  t e r n  
stands f o r  the reve rs ib le  pa r t ,  the second f o r  t he  d iss ipa ted  i r r e v e r s i b l e  
par t ,  and the  t h i r d  f o r  the s tored i r r e v e r s i b l e  p a r t  due t o  m ic ros t ruc tu ra l  
e f fec ts .  
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The V i s c o p l a c t i c  C o n s t i t u t i v e  Equat ion 

S o l u t i o n  o f  t h e  coupled thermomechanical equat ions r e q u i r e s  closed-form 
expressions f o r  (1 .5)  and (1.6). These may be taken f rom any o f  t h e  s t a t e  
v a r i a b l e  t h e o r i e s  [5-81. Inhere,  a c o n s t i t u t i v e  equat ion which may be regarded 
as a m o d i f i c a t i o n  o f  t h  Bodner-Partom's power law i s  proposed. The proposed 
equat ions a r e  thought t o  be simple, l u c i d ,  and consequently very  p r a c t i c a l .  As 
i n  t h e  case o f  t h e  i n t e r n a l  s t a t e  v a r i a b l e s  theory,  t h e  proposed c o n s t i t u t i v e  
equat ions u t i 1  i z e  two s t a t e  var iab les :  a k inemat ic  hardening s t a t e  v a r i a b l e  
which accounts f o r  t h e  " r e s t "  s t ress ,  and an i s o t r o p i c  hardening s t a t e  
v a r i a b l e  which accounts f o r  t h e  "drag" s t ress .  Only t h e  i s o t r o p i c  hardening 
s t a t e  v a r i a b l e  w i l l  be considered i n  t h i s  paper. 

A f t e r  adopt ing  t h e  f l o w  r u l e ,  we can show t h a t  

. . . (6) 
- i s  t h e  i s  t h e  e f f e c t i v e  s t r e s s  ( TE = J - - i  7 1 J  1 J  ' - 

E 
where 
d e v i a t o r i c  s t r e s s  tensor ,  n i s  a s t r a i n  r a t e  s e n s i t i v i t y  parameter, and Y i s  
t h e  i s o t r o p i c  hardening s t a t e  v a r i a b l e  which i s  e q u i v a l e n t  t o  t h e  dynamic 
y i e l d  s t r e s s  [8]. I n  general ,  Y i s  a f u n c t i o n a l  o f  t h e  h i s t o r y  o f  deformat ion 
o r  any reJa ted  q u a n t i t y  such as t h e  v i s c o p l a s t i c  work W . I f  t h e  c o n v o l u t i o n  
form o f  S t i e l t j e s  i n t e g r a l  i s  adopted f o r  such f u n c t i o n a l  

P 

0 

where t i s  t h e  t ime and To stands f o r  t h e  r e l a x a t i o n  t ime constant,  and when 
t h e  3-parameter element model i s  considered, we g e t  

where a, H1 , and H2 a r e  m a t e r i a l  constants.  

... ( 7 )  

In o r d e r  t o  i n c o r p o r a t 6  t h e  temperature e f f e c t s  i n t o  t h e  e v o l u t i o n  equat ions 
( 6 )  and (7), Y i s  expressed as a func t ion  of  temperature. Since i n  t h e  
proposed c o n s t i t u t i v e  equat ions Y can be viewed as t h e  e q u i v a l e n t  dynamic 
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yield s t ress ,  the func t ion  may be constructed from experimental d a t a  of the 
yield s t ress  versus temperature. A possible form of th i s  function i s  

1 TC - T 
Y = Y  ( 

Tc - To . . . (8) 

where Tc i s  a constant, To i s  a reference temperature, and Yo i s  the value of 
the yield s t ress  a t  To. In  a d d i t i o n ,  from the observation of the v a r i a t i o n  o f  
the plast ic  flow with temperature, we have f' - proportional t o  exp ( -Q/RT) ,  

where Q i s  the activation energy (assumed constant), and R i s  the universal 
gas constant. From equations (6), (8) and  ( 9 )  i t  follows t h a t  n must be a 
function of  T ,  

1 n = K (-) / I n  (- Q T-TO TC - TO 

To T Tc-T . . . (10 )  

The proposed viscoplastic constitutive equations (equations ( 6 )  a n d  ( 7 )  
subjected t o  (8) and  (10) )  are examined by conducting a series of  
one-dimensional uniaxial numerical calculations. Samples of the results are 
given i n  Figures 1-4. Figures 1 and 2 display the tensi le  stress-strain 
results a t  different s t ra in  rates and temperature. S t r a i n  rate history effects 
are demonstrated by a j u m p  t e s t  i n  Figure 3 .  Cyclic t e s t  results, Figure 4 ,  
depict the cyclic hardening effects.  Qualitatively speaking, results 
demonstrate the capability of the proposed viscoplastic constitutive equations 
i n  generating some of the important  characteristics of a class of viscoplastic 
materials. A quantitative investigation of the constitutive equations i s  t o  be 
conducted experimentally for some viscoplastic materials i n  a future work. 
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F i n i t e  E 1 emen t Imp 1 emen t a  t i on 

C o m p a t i b i l i t y  o f  t h e  developed coupled thermomechanical equat ions i s  
demonstrated f o r  t h e  case o f  q u a s i s t a t i c  i n f i n i t e s i m a l  deformat ion w i t h  no 
body force and no heat  generat ion,  i .e.,  

. . . (11)  - v * g  = 0 

wh?re - u = [D]  (2 - - E”’ - y T6) - 

‘IE u1 and - 2’ = Yo ( j . 4  7 
‘I 

Elo i s  a sca la ra  constant ,  Q i s  t h e  d e n s i t y ,  5 stands fo r  the  Kronecker 

symbol 9 - ,-J and - E are  t h e  s t r e s s  and s t r a i n  tensors,  r e s p e c t i v e l y ,  
expressed i n  v e c t o r  form, t h e  corresponding d e v i a t o r i c  s t r e s s  
and v i s c o p l a s t i c  s t r a i n  vectors ,  r e s p e c t i v e l y ,  
i s  t h e  e l a s t i c  mat r ix .  

- o1 and - cVp 
i s  t h e  d i l a t a t i o n ,  and [ D ]  

When adopt ing t h e  G a l e r k i n  f i n i t e  element method, (11) and (12)  become, 
r e s p e c t i v e l y  , 

. . . (13) 

. . . (14) 

where - -  U ,  T, R, and 4 a r e  t h e  nodal displacement, t h e  nodal temperature, t he  
nodal fo rce ,  and t h e  thermal convect ion l o a d  vectors ,  r e s p e c t i v e l y ,  F i s  a 
v e c t o r  which accounts f o r  t h e  v i s c o p l a s t i c  e f f e c t s  o f  t h e  balance of-homentum 
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equation, and r;l i s  a vector  which accounts f o r  the mechanical heat 
generation. A l s o ,  [ K l ] ,  [KZ],  [Cl], and [CZ] are, respec t ive ly ,  the  s t i f f n e s s ,  
conduc t i v i t y ,  coupling, and consistency matr ices.  The d i f f e r e n t i a l  equations 
(13) and ( 1 4 )  can be solved by using the general 'le'' method i n  conjunct ion 
w i t h  the  f i x e d  p o i n t  i t e r a t i o n  method f o r  the  s o l u t i o n  of the ensuing 
non l inear  a lgebra ic  equations. Results o f  t e n s i l e  and compression loading o f  a 
constrained-ends c y l i n d e r  f o r  a constant Y can be found i n  [8]. 

The extension o f  t h i s  work t o  incorporate hardening and temperature e f f e c t s  
and so l v ing  o ther  p r a c t i c a l  problems i s  being undertaken. 
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